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COMPACTIFICATION OF CERTAIN CLIFFORD KLEIN FORMS 
OF REDUCTIVE HOMOGENEOUS SPACES 
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Abstract. We describe smooth compactifications of certain families of reduc¬ 
tive homogeneous spaces such as group manifolds for classical Lie groups, or 
pseudo-Riemannian analogues of real hyperbolic spaces and their complex and 
quaternionic counterparts. We deduce compactifications of Clifford-Klein forms 
of these homogeneous spaces, namely quotients by discrete groups L acting prop¬ 
erly discontinuously, in the case that L is word hyperbolic and acts via an Anosov 
representation. In particular, these Glifford-Klein forms are topologically tame. 


1. Introduction 

The goal of this note is two-fold. First, we describe compactifications of certain 
families of reductive homogeneous spaces G/H hy embedding G into a larger group 
G' and realizing G/H as a G-orbit in a flag manifold of G'. These homogeneous 
spaces include: 

• group manifolds for classical Lie groups (Theorems 1.1 and 2.5), 

• pseudo-Riemannian analogues of real hyperbolic spaces and their complex 
and quaternionic counterparts (Theorem 1.5. (1)), 

• certain affine symmetric spaces such as 0(2p, 2q) /U(p, q) or U(2p, 2g)/Sp(p, q) 
(Proposition 1.7.(1)), 

• other reductive homogeneous spaces (Proposition 5.3. (1)). 

Second, we use these compactifications and a construction of domains of discontinuity 
from [GW12] to compactify Clifford-Klein forms of G/H, i.e. quotient manifolds 
T\G/H, in the case that P is a word hyperbolic group whose action on G/H is given 
by an Anosov representation p : P G ^ G'. We deduce that these Clifford-Klein 
forms are topologically tame. 

Anosov representations (see Section 3.2) were introduced in [LabOG]. They provide 
a rich class of quasi-isometric embeddings of word hyperbolic groups into reductive 
Lie groups with remarkable properties, generalizing convex cocompact representa¬ 
tions to higher real rank [LabOG, CW12, KLPa, KLPb, KLPc, CCKW]. Examples 
include: 

(a) The inclusion of convex cocompact subgroups in real semisimple Lie groups of 
real rank 1 [LabOG, CW12]; 
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(b) Representations of surface groups into split real semisimple Lie groups that be¬ 
long to the Hitchin component [Lab06, FG06, GW12]; 

(c) Maximal representations of surface groups into semisimple Lie groups of Hermit- 
ian type [BILW05, BIW, GW12]; 

(d) The inclusion of quasi-Fuchsian subgroups in SO{2,d) [BM12, BaiT5]; 

(e) Holonomies of compact convex RP^-manifolds whose fundamental group is word 
hyperbolic [Ben04]. 

1.1. Compactifying group manifolds. Any real reductive Lie group G can be seen 
as an affine symmetric space (G X G)/Diag(G) under the action of G x G by left and 
right multiplication. We call G with this structure a group manifold. We describe 
a smooth compactification of the group manifold G when G is a classical group. 
This compactification is very elementary, in particular when G is the automorphism 
group of a nondegenerate bilinear form. It shares some common features with the 
so-called wonderful compactifications of algebraic groups over an algebraically closed 
held constructed by De Concini and Procesi [DCP83] or Luna and Vust [LV83], as 
well as with the compactihcations constructed by Neretin [Ner98, Ner03]. After 
completing this note, we learned that this compactihcation had hrst been discovered 
by He [He02]; we still include our original self-contained description for the reader’s 
convenience. 

We hrst consider the case that G is 0{p, q), 0(m, C), Sp(2n, R), Sp(2n, C), U(p, q), 
Sp{p,q), or 0*(2m). In other words, G = AutK(b) is the group of K-linear auto¬ 
morphisms of a nondegenerate R-bilinear form b : V (8)r V —)■ K on a K-vector 
space V, for K = R, C, or the ring H of quaternions. We assume that b is K- 

linear in the second variable, and that b is symmetric or antisymmetric (if K = R 

or C), or Hermitian or anti-Hermitian (if K = C or H). We describe a smooth com¬ 
pactihcation of G = AutK(b) by embedding it into the compact space of maximal 
(6 0 —6)-isotropic K-subspaces of (R 0 R, 5 0 —b). Let n G N be the real rank of 
G = AutK(i) and N = dimK(H) > 2n the real rank of AutK(&0 —b). For any 
0 < i < n, let iFi{b) = J-i{—b) be the space of i-dimensional 6-isotropic subspaces 
of R; it is a smooth manifold with a transitive action of G. We use similar notation 
for (R 0 R, 6 0 —6), with 0 < i < A^. For any subspace VF of R 0 R, we set 

(1.1) 7r(lF) := (LF n (R 0 {0}), IF n ({0} 0 V)). 

This dehnes a map tt ; T)v(6 0 -6) —)• (Ur=0'^*(^)) ^ (Ur=o 

Theorem 1.1. Let G = AutK(6) be as above. The space X = J-'_/v(60—6) of maximal 
(6 0 —b)-isotropic 'K-subspaces of V (B V is a smooth compactification of the group 
manifold (G x G)/Diag(G) with the following properties: 

(1) X is a real analytic manifold (in fact complex analytic if K = C and b 
is symmetric or antisymmetric). Under the action of a maximal compact 
subgroup o/AutK(6 0 —6), it identifies with a Riemannian symmetric space 
of the compact type, given explicitly in Table 1. 

(2) The (G X G)-orbits in X are the submanifolds Ui := 7r“^(J-'j(6) x T'j(—6)) for 
Q < i < n, of dimension dimR(6/i) = dimR(G) — dimR(K). The closure of 
Ui in X is 

(3) For < i < n, the map vr defines a fibration ofUi over J-i{b) x 3Fi{—b) with 
fibers isomorphic to [Hi x Rj)/Diag(Rj), where Hi = AutK(6i/J is the auto¬ 
morphism group of the form bvi induced by b on jVi for some Vi G J-i{b). 

In particular, Uq is the unique open (GxG)-orbit and it identifies with (GxG)/Diag(G) 
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G 

n 

N 

A as a Riemannian symmetric space 

0{p,q) 

min(p, q) 

p + q 

(0(p 0 g) X 0(p 0 g))/Diag(0(p 0 q)) 

U(p,g) 

min(p, q) 

p + q 

(U(p + q)y. U(p 0 g))/Diag(U(p 0 q)) 

Sp(p, q) 

min(p, q) 

p + q 

(Sp(p + q)y. Sp(p 0 g))/Diag(Sp(p 0 q)) 

Sp(2n, R) 

n 

2n 

U(2n)/0(2n) 

Sp(2n,C) 

n 

2n 

Sp(2n)/U(2n) 

0(m, C) 

LfJ 

m 

0(2m)/U(m) 

0*(2m) 

LfJ 

m 

U(2m)/Sp(m) 


Table 1. The compactification X of Theorem 1.1. 


Remark 1.2. For G = 0{p,q), V{p,q), or Sp{p,q), the compactification X identifies 
with the group manifold (Gc X Gc)/Diag(Gc) where Gc is the compact real form of a 
complexification of G. For G = 0(n, 1), the embedding of G into Gc = 0(n +1) lifts 
the embedding of U = 0(n, l)/0(n) into = 0(n + l)/0(n) with image 
the complement of the equatorial sphere 

Similar compactifications are constructed for general linear groups GLk(I^) in 
Theorem 2.5 below. 

1.2. Compactifying Clifford—Klein forms of group manifolds. Let G = AutK(^) 
be as above. For any discrete group F and any representation p : F —)• G with discrete 
image and finite kernel, the action of F on G via left multiplication by p is properly 
discontinuous. The quotient p(F)\G is an orbifold, in general noncompact. Suppose 
that F is word hyperbolic and p is Pi(6)-Anosov (see Section 3 for definitions), where 
Pi{h) is the stabilizer in G of a 6-isotropic line. Considering a suitable subset of the 
compactihcation of G described in Theorem 1.1, we construct a compactihcation of 
p(F)\G which is an orbifold, or if F is torsion-free, a smooth manifold. 

Theorem 1.3. Let T he a word hyperbolic group and p : F —>• G = AutK(6) a Fi(6)- 
Anosov representation with boundary map ^ : dooF —T'i(6). For any 0 < z < n, let 
he the subset ofFi{b) consisting of subspaces W containing ^(r/) for some rj £ dooF, 

and letlA^ be the complement inlAi o/7r“^(/C^ x Fi{—b)), where vr is the projection 
of (1.1). Then p(F) x {e} C AutK(6) x AutK(6) acts properly discontinuously and 
cocompactly on the open subset 

n 

f! U 

1=0 

o/T)v(6 0 —6). The quotient orbifold (p(F) x {e})\n is a compactification of 

p(F)\G (p(F) X {e})\(G x G)/Diag(G). 

IfT is torsion-free, then this compactification is a smooth manifold. 

Similarly, we compactify quotients of G = AutK(6) by a word hyperbolic group F 
when the action is given by any Pi (6 0 —6)-Anosov representation 

p : F —)• AutK(6) X AutK(6) C AutK(6 0 —6), 

i.e. we allow F to act simultaneously by left and right multiplication instead of just 
left multiplication: this is the object of Theorem 4.1. When G = AutK(6) has real 
rank 1, all properly discontinuous actions on (G x G)/Diag(G) via quasi-isometric 
embeddings are of this form [GGKW, Th. 6.5]; the case G = 0(p, 1) for p = 2 or 3 
is particularly interesting from a geometric point of view (Remark 4.2). 
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Remark 1.4. Let G be an arbitrary real reductive Lie group and P a parabolic 
subgroup. Composing a P-Anosov representation p : L —>• G with an appropriate 
linear representation t : G ^ AutK(&), we obtain a Pi(6)-Anosov representation 
T o p : r —)• AutK(&)- Theorem 1.3 can then be applied to give a compactification of 
p(r)\G: see Corollary 4.4 for a precise statement. 

1.3. Compactifying pseudo-Riemannian analogues of hyperbolic spaces and 
their Clifford—Klein forms. The idea of embedding a group G into a larger group 
G' such that the homogeneous spaces G/H can be realized explicitly as a G-orbit in 
an appropriate flag variety G' jQ'^ can be applied in other cases as well. For instance, 
for p > q >0 and K = R, C, or H, consider 

G/H = AutK(?^‘'+^)/AutK(?^‘') 

~ := {x € KP+''+^ I b^^^\x,x) = -1}, 

where we set 

(1.2) (x, x) .— T * * * T XpXp Xpj^\Xp-^± * * * Xp-^qXp-^q. 

Explicitly, AutKCb^"^) = 0{p,q), U(p, g), or Sp{p,q), depending on whether K = R, 
C, or H. Note that is homeomorphic to x where = {z € | 

b'^^’^{z,z) = 1} is itself homeomorphic to the real sphere §^+^1 ^ xhe 

quotient of by the involution x e-?> —x is a pseudo-Riemannian analogue 
of the usual real hyperbolic space it is pseudo-Riemannian of signature {p, q) 
and has constant negative curvature. Similarly, the quotient of by U(l) = 
{z G C \ zz = 1} and the quotient of E!^'^ by Sp(l) = {z G H \ 'zz = 1} are 
analogues of the usual complex and quaternionic hyperbolic spaces. Let Pq^i{b^~^^) 
be the stabilizer in AutK(^K'^"*~^) of a maximal -isotropic subspace of 
We prove the following. 

Theorem 1.5. Let G = AutKCfeK"^"*”^) K = R, C, or H and p > q > 0. 

(1) The space Pi ) is a smooth compactification ofMj^, which we denote 

by EI^'^. It is the union of two G-orbits: an open one isomorphic to and 
a closed one equal to Piib^~^^), which we denote by . 

Let T be a word hyperbolic group and p : F —)■ G a Pq^i{hj^~^^)-Anosov representation. 

(2) The action of T on via p is properly discontinuous, except possibly if 
K = R and p = q + 1. 

(3) Assume that the action is properly discontinuous. Letf^ : dooF —)• 

he the boundary map of p and JC^ the subset o/dEI^'^ = Pi{b^~^^) consist¬ 
ing of lines I contained in for some rj G dooE. Then F acts properly 
discontinuously, via p, on \ JC^, and the quotient p(F)\(BI^'^ \ JC^) is 
compact. In particular, ifV is torsion-free, then p{T)\{W/^ is a smooth 

compactification of p{T)\M^. 

Suppose K = R and q = 0. Then Theorem 1.5. (1) describes the usual com- 
pactihcation of the disjoint union of two copies of the real hyperbolic space 
obtained by embedding them as two open hemispheres into the visual boundary 
dEI^^ = ~ of EI^^. A representation p : F —)■ 0(p, 1) is Pi{b^)- 

Anosov if and only if it is convex cocompact, in which case Theorem 1.5. (2) states 
that F acts properly discontinuously, via p, on the complement in 5B1^^ of the limit 
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set K,^ of p in When p(r) C SO(p, 1), Theorem 1.5. (3) describes the com- 

pactification of two copies of the convex cocompact hyperbolic manifold /9(r)\]Hl^ 
obtained by gluing them along their common boundary. 

For K = R and <? = 1 (Lorentzian case), Theorem 1.5.(1) describes the usual 
compactification of the double cover of the anti-de Sitter space AdS^"*"^, obtained by 
embedding it into the Einstein universe Ein^^^. 

In general, the compactification is homeomorphic to 

(§^ X S^)/{z G K I = 1}. 

Remark 1.6. For K = R and p = q+1, the fact that p is Pq+i(6^'^'*'^)-Anosov does 
not imply that the action of F on is properly discontinuous: see Example 5.2. 
In the case that K = R and p = g + 1 is odd, the action of F on can actually 
never be properly discontinuous unless F is virtually cyclic, by [KasOS]. 

1.4. Compactifying more families of homogeneous spaces and their Clifford— 
Klein forms. As a generalization of Theorem 1.5, we prove the following. 

Proposition 1. 7. Let {G, H, P,G', P') be as in Table 2. 

(1) There exists an open G-orbitlA in G'jP' that is diffeomorphic to G/H; the 
closure U oflA in G' jP' provides a compactification of G/H. 

(2) For any word hyperbolic group F and any P-Anosov representation p : F —)• G, 
the cocompact domain of discontinuity Ft C G'/P' for p{T) constructed in 
[GW12] (see Proposition 3.7) containslA; the quotient p{T)\{Fir]U) provides 
a compactification o/p(r)\G/R. 



G 

H 

P 

G' 

P' 

(i) 

0{p,q+l) 

0{p,q) 

StabG(IE) 

0{p+l,q + l) 

StabG'(f) 

(ii) 

U(7',9 + 1) 

^ip,q) 

StabcilF) 

U(p+ l,g+ 1) 

StabG'(f) 

(iii) 

Sp{p,q+1) 

Sp(p, q) 

StabcjlR) 

Sp(p+ l,g+ 1) 

StabG'(f) 

(iv) 

0{2p,2q) 

^ip,q) 

StabG(-f) 

0{2p + 2q,C) 

StabG'(i^') 

(v) 

V{2p,2q) 

Sp(p, q) 

StabG(^) 

Sp{p + q,p + q) 

StabG'(IE') 

(vi) 

Sp(2m, R) 

U(p, m — p) 

StabcW 

Sp{2m, C) 

StabG'(V') 


Table 2. Reductive groups H <Z G <Z G' and parabolic subgroups P 
of G and P' of G' to which Proposition 1.7 applies. Here m,p,q are 
any integers with m > 0; we require p > q 1 in case (i) and p > q 
in cases (ii), (iii), as well as <7 > 0 in cases (iv), (v). We denote by i 
or i' an isotropic line and by W or W' a maximal isotropic subspace 
(over R, C, or H), relative to the form b preserved by G or G'. 


In all examples of Table 2, the space G/H is an affine symmetric space. Examples 
(i), (ii), (iii) correspond to the situation of Section 1.3. In examples (i), (ii), (iii) 
with q = 0 and example (vi) with p = 0, the symmetric space G/H is Riemannian. 
Example (i), example (iv) with q = 1, and example (vi) with p = 0 were previously 
described in [GW12]. The open G-orbit U diffeomorphic to G/H is given explicitly 
in each case in Section 5. 

Remark 1.8. The cocompact domains of discontinuity we describe in G'/P' lift to 
cocompact domains of discontinuity in G'/P" for any parabolic subgroup P” of G' 
contained in P'; in particular, they lift to cocompact domains of discontinuity in 
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where is a minimal parabolic subgroup of G'. The compactifications we 
describe for quotients p{T)\G/H induce compactifications of the quotients p{T)\U' 
for any G-orbit W in G'/P" lifting the G-orbit lA C G'/P' diffeomorphic to G/H. 

In Proposition 5.3 below, we also treat homogeneous spaces that are not affine 
symmetric spaces using Remark 1.8. 

1.5. Tameness. We establish the topological tameness of the Clifford-Klein forms 
p{T)\G/P[ above. Recall that a manifold is said to be topologically tame if it is 
homeomorphic to the interior of a compact manifold with boundary. 

In the setting of Theorem 1.5, both /3(r)\(]HI^'^ U C^) and /9(r)\C^ are smooth 
compact manifolds, without boundary. The complement, inside a compact manifold, 
of a compact submanifold is topologically tame. Therefore, Theorem 1.5 immediately 
yields the following. 

Corollary 1.9. Let T he a torsion-free word hyperbolic group, p > q > 0 two integers. 
For any Pqj,.i{hf^~^^)-Anosov representation p : T —^ AutK(&K'^'*'^), if the action of 
r on via p is properly discontinuous (see Theorem 1.5. (2)), then the manifold 
is topologically tame. 

In order to prove topological tameness in more general cases, we establish the 
following useful result. 

Lemma 1.10. Let G <Z G' he two real reductive algebraic groups and T a torsion-free 
discrete subgroup of G. Let X be a G'-homogeneous space and an open subset of X 
on which T acts properly discontinuously and cocompactly. For any G-orbit lA <Z LI, 
the quotient T\IA is a topologically tame manifold. 

Proposition 1.7 and Lemma 1.10 immediately imply the following, by taking lA to 
be a G-orbit in G'jQ' that identifies with G/H. 

Corollary 1.11. Let T be a torsion-free word hyperbolic group and let H G G D P be 
as in Table 2. For any P-Anosov representation p : P —)• G, the quotient p{T)\G/H 
is a topologically tame manifold. 

Using Theorem 1.3 and Lemma 1.10, we also prove the following. 

Theorem 1.12. LetT be a torsion-free word hyperbolic group, G a real reductive Lie 
group, and P a proper parabolic subgroup of G. For any P-Anosov representation 
p : P —)• G, the quotient p{T)\G a is topologically tame manifold. 

Remark 1.13. In the Riemannian case, compactifications of quotients of symmetric 
spaces have recently been constructed by a different method in [KL] for uniformly 
cJmod-regular and conical discrete subgroups of G; this class of discrete groups con¬ 
tains the images of Pmin-Anosov representations where Pmin is a minimal parabolic 
subgroup of G. 

1.6. Organization of the paper. In Section 2 we establish Theorem 1.1 and its 
analogue for GLk(U) (Theorem 2.5). In Section 3 we recall the notion of Anosov 
representation, the construction of domains of discontinuity from [GW12], and a few 
facts from [GGKW] on Anosov representations into AutK(^) x AutK(^)- This allows 
us, in Section 4, to establish Theorem 1.3 and some generalization (Theorem 4.1). 
In Section 5 we prove Theorem 1.5 and Proposition 1.7. Finally, Section 6 is devoted 
to topological tameness, with a proof of Lemma 1.10 and Theorem 1.12. 
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2. COMPACTIFICATION OF GROUP MANIFOLDS 

In this section we provide a short proof of Theorem 1.1 and of its analogue for 
general linear groups GLk(I^) with K = R, C, or H (Theorem 2.5). 

2.1. The case G = AuIkC^)- Let us prove Theorem 1.1. We use the notation of 
Section 1.1. In particular, 

TT : TNib J^iib)] X r y J)(-6) 

L i=0 ^ L 

is the map defined by (1.1). The group 

AutK(ft) X AutK(ft) = AutK(fe) X AutK(—ft) 
naturally embeds into AutK(^ © ~b)- For 0 < i < n, the set 

Ui := 7T-\T,{b) X Tii-b)) 
is clearly invariant under AutK(5) x AutK(—&)■ 

Lemma 2.1. The space X = J-'isf{b(B —b) of maximal {b®—b)-isotropic J^-subspaces 
ofV®V is the union of the sets lAi for 0 < i < n. 

Proof. It is enough to prove that for any W € iF]\f(b ® —b), 

(2.1) dimK(IF n ({0} © V)) = dimK(IF n (C © {0})). 

We have 

dimK(VF n ({0} © P)) = dimK(lF) + dimK({0} © P) — dimK(IP + ({0} © P)) 

= dimK(P © P) - dimK(IP + ({0} © P)) 

= dimK(IP + ({0}©P))^, 

where (IP + ({0} © P))"*" denotes the orthogonal complement of IP + ({0} © P) in 
P © P with respect to 6 © —b. But 

(IP + ({0} © P))^ = IP^ n ({0} © P)^ = IP^ n (P © {0}), 

hence dimK(IPn ({0} ©P)) = dimK(IP‘'‘n (P©{0})). Since IP is maximal isotropic 
for b © —b, we have IP = IP-*-, and so (2.1) holds. □ 


For any 0 < I < n, let 


TTi : Ui —)■ Tiib) X Fi{-b) 


be the projection induced by vr. By construction, vij is (AutK(^)xAutK(^))-equivariant, 
hence surjective (because the action of AutK(&) on Tiifo) = J-i{—b) is transitive). We 
now describe the fibers of TTj. By equivariance and surjectivity, it is enough to deter¬ 
mine the fiber of TTj above one particular point of J-i{b) x J-i{b). 

For any p E J^i(^), let fty. be the R-bilinear form induced by b on jVi — 
j^dimK(U)-2i ^ £g symmetric, antisymmetric, Hermitian, or anti-Hermitian, then 
so is by^. For instance, if b is symmetric over R with signature {p,q), then fty. has 
signature {p — i,q — i). 


COMPACTIFICATION OF CERTAIN CLIFFORD-KLEIN FORMS 


Lemma 2.2. For any Vi G F-i{h), the fiber 7r“^(Vi,Vi) C —h) is the set 

of maximal {b 0 —b)-isotropic K.-subspaces of 0 V-'^^ that contain Vi® Vi and 
project to maximal isotropic subspaces of {V^^^/Vi) 0 /Vi) transverse to both 
factors {Vf^’’/Vi) 0 {0} and {0} 0 {V^^^/Vi). As an (AutK(Vi) x ^vA-Kihvi))-space, 
'K//^{yi,Vi) is isomorphic to 

(AutK(6i/i) X AutK(6yi))/Diag(AutK(6i/i))- 

Proof. By definition, any W G 'xf^iVi, Vi) satisfies W Ci {V ® {0}) = Vi 0 {0} and 
W n ({0} 0 y) = {0} 0 Vi, hence IV^ contains Vi® Vi and W C 0 V^^ since 
W is (6 0 — 6)-isotropic. Thus 7r~^(Vi, Vi) is the set of maximal (6 0 —6)-isotropic 
subspaces of V)"*"*’ 0 V)"*"*’ that contain V) 0 V) and correspond to maximal isotropic 
subspaces of (V)'*"‘'/Vi)0(V)'*"‘'/Vi) transverse to both factors. In particular, 7r~^(Vi, V)) 
identifies with its image in T]\{- 2 i{bvi © ~bvi) and is endowed with an action of 
AutK(&Vi) X AutK(6vi)- 

We first check that this action of AutK(&yi) x AutKC^yJ i® transitive. Let W/ be 
the image in {V^*^/Vi) 0 {V^*^/Vi) of 

{{v, u) I u G I//*’} C Vi^’’ 0 Vi^\ 

The image W in /Vi)®{V^*’/Vi) of any element of 7r“^(Vi, V)) meets the second 
factor V^^/Vi trivially, hence is the graph of some linear endomorphism h of V^^/Vi. 
This h belongs to AutK(&Vi) since W is {by^ 0 — 6yJ-isotropic. Thus W = (e, h) ■ Wq 
lies in the (AutK(&Vi) x AutK(&Vi))-orbit of W/, proving transitivity. 

Let us check that the stabilizer of IVq in AutK(&yi) x AutK(&Vi) is the diagonal 
Diag(AutK(Vi))- For any (91,52) £ AutK(VJ x AutK(Vi), 

(51,52) • Wq = {{gi{v),g2{v)) I V G V^^/Vi\ = {{v, gf^g2iv)) \ v G V^^/Vf\, 

and so (51,52) • kVo ~ ^0 i^ i^ ~ 52- D 

In particular, taking i = 0, we obtain that IAq is an (AutK(&) X AutK(&))-space 
isomorphic to 

(AutK(^>) X AutK(fc))/Diag(AutK(^))- 

Lemma 2.3. For any 0 < i < n, the action o/AutK(&) x AutK(&) onlAi is transitive. 

Proof. The map TTj is (AutK(^) x AutK(&))-equivariant and the action of 
AutK(&) X AutK(&) on J-i{b) x P'i(—b) is transitive, hence it is enough to see that 
for any V) G Ti{b) the action of the stabilizer of {Vi, Vi) in AutK(&) x AutK(&) is 
transitive on the fiber 7rC^(V), Vi). This follows from Lemma 2.2. □ 

Lemma 2.4. For any 0 < i < n, the dimension oflAi is 

dimR(Z^i) = dimR,(AutK(fc)) - i^dimR,(K). 

Proof. Consider two elements Vi,V/ £ iFi{b) such that Vj^*‘ PiV/ = {0}. Let V2i be 
the sum in F of V) and V/, and W = Vj^^ Cl V/^^ ~ V^^/Vi. The restrictions of 
b to V2i and to W are nondegenerate and V is the direct 6-orthogonal sum of V2i 
and W. The parabolic subgroups Pi = StabAutK(6) (F)) and P/ = StabAutK(6) (F^O 
are conjugate in G and the set PiP/ = {pip'i \ Pi £ Pi, Pi £ P/} is open in G since 
the sum of the Lie algebras of Pi and of P/ is equal to the Lie algebra of AutK(&). 
Therefore, 

dimR(AutK(^)) = dimu.{PiPl) = 2dimR(Pj) - dimR(Pi n P/). 
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It is easy to see that 

Pin Pi = (StabAutK(f)|v2i)(^i)nStabAutK(t-|v2i)*^^*'^) 

— GLK(I^i) X AutK(&i/i)- 

This implies 

2dimR,(Pi) = dimR(AutK(&)) - dimR(GLK(I4)) - dimR(AutK(Vi)) 

= dimR(AutK(^)) - dimR(K) - dimR(AutK(Vi))- 

Using Lemma 2.2, we obtain 

dimR(Z^i) = 2dimR(J’i(6)) + dimR(AutK(6Fj) 

= 2dimR(AutK(b)) - 2dimR(Pj) + dimR(AutK(VJ) 

= dimR(AutK(&)) — dimR(K). □ 

By Lemma 2.4, we have dimR(Z//j) > dimR(Z//j) for all 0 < i < j < n. The function 
W I—>■ dimR(VU n (U © {0})) is upper semicontinuous on J^Ar(6© —6). Therefore, for 
any 0 < i < n, the closure Si of lAi in pN{b © —b) is the union of the submanifolds 
L{j for i < j < n. 

By the Iwasawa decomposition, any maximal compact subgroup of AutK(&© —b) 
acts transitively on the flag variety P]\f{b(B —b). By computing the stabilizer of a 
point in each case, we see that pN{b © —b) identifies with a Riemannian symmetric 
space of the compact type as in Table 1 . This completes the proof of Theorem 1.1. 


2.2. The case G = GLk(U)- We now establish an analogue of Theorem 1.1 when 
G = GLk(U) is the full group of invertible K-linear transformations of V. Here we 
use the notation Pi(V) to denote the Grassmannian of i-dimensional K-subspaces 
of V, and N to denote dimK(U)- Then (1.1) defines a map 


vr : J-jv(U©U) 


^i =0 ^ ^i =0 ^ 


Theorem 2.5. Let V be an N-dimensional vector spaee over K = R, C, or H, and 
G = GLk(U)- The Grassmannian X = J^Ar(U © V) of N-dimensional K.-subspaees 
ofV(BV is a smooth compactification of the group manifold [G x G)/Diag(G) with 
the following properties: 

(1) X is a real analytic manifold (in fact complex analytie «/K = C). Under 
the aetion of a maximal compaet subgroup o/GLk(U © V), it identifies with 
a Riemannian symmetrie space of the eompact type, namely 

• 0(21V)/(0(A^) X 0{N)) ifK = K, 

• U(2iV)/(U(lV) X U(iV)) ifK = C, 

• Sp(21V)/(Sp(lV) X Sp{N)) 2 /K = H. 

(2) The [G X G)-orbits in X are the submanifolds Uij := TT~^{Pi{V) x Pj{V)) 

forO < i-\-j < N; there are {N -\-l)[N -\-2)/2 of them. They have dimension 
dimK(^ij) = dimK(G) — The closure ofUij in X is IJfc>i e>jh(k,e- 

(3) ForO < i-\-j < N, the map tt defines afibration TTij ofUij overPi{V)xPj{V) 
with fibers given by Lemma 2.6 below. 

In partieular, Z^o,o is the unigue open [G x G)-orbit in X and it identifies with 
{G X G)/Diag(G)’. 
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The proof of Theorem 2.5 is similar to Theorem 1.1: the group GLk(I^) x GLk(I^) 
naturally embeds into GLk(1^ © V). For i,j G N with i + j < N, the set 

:=7r-^{Ti{V)xT^{V)) 

is clearly invariant nnder GLk(I^) X GLk(I^), and X = J-m{V © V) is the union of 
these sets Uij. Let 

TTi^, -Mij ^Xi{V)xXj{V) 

be the projection induced by vr. By construction, TTij is (GLk(I^) x GLk( 1^))- 
eqnivariant, hence surjective (because the action of GLk(I^) on J-i{V) and J~j{V) is 
transitive). As above, it is enough to determine the fiber of TTij above one particular 
point of Xi{V) X Fjiy). Let (ei,..., e^) be a basis of V. We set 

Vi := spanK(ei,... ,ei), 

G/ := spanK(ei+i,... ,eAr), 

< Vj := spanj^(ejv-j+i, ■ ■ ■, ejv), 

VJ := spanj^(ei,..., ejv-j), 

, Kj ■= n VJ = spanK(ei+i,..., ejv-j ), 

so that V is the direct sum of V) and VJ, and also of Vj and Vj. By assumption, 
i + j < N, hence V) G V)- = {0}. The quotient V/Vi identifies with VJ, which is the 
direct sum of Vj^ := Vj H Vj and Vj. Similarly, the qnotient V/Vj identifies with Vj, 
which is the direct snm of Vjj and V). We see (V), V)) as an element oi FiV) X Fj(y). 

Lemma 2.6. The fiber Fj{Vi,Vj) C © V) is the set of N-dimensional K- 

subspaces ofV(BV that contain V) © V)- and project to {N — i — j)-dimensional K- 
subspaces of {V/Vi)®{V/Vj) transverse to both factors (G/Vi)©{0} and {0}(B{V/Vj). 
As a Ghi^iy/Vi) X /Vj)-space, F^{yi,Vj) is isomorphic to the quotient of 

GLkCF/FO X GhKiV/Vj) ~ GLk(1^/) x GLk(V,') by the subgroup 

(2.2) (GLk( 1",) X GLK(Gi) x Diag(GLK(l"4))) x {{V* © Vjj) © {V* © Vjj )). 

Proof. The first statement is clear. For the second statement, one easily checks that 
Fjiyi,Vj) is the (GLk(1^/) x GLK(Vj'))-oi'bit of 

Wo := (y* © {0}) + ({0} © Vj) + {(u,u) 1 V G y/,} 

and that the stabilizer of Wq in GLk(V)') x GLk(V ^0 ( 2 . 2 ). □ 

In particular, Z^o,o is a (GLk(I^) x GLK(I^))-space isomorphic to 

(GLk( 1 ") X GLK(l"))/Diag(GLK(l^)). 

Similarly to Lemma 2.3, for any i,j G N with i -\- j < N, the action of GLk(G) x 
GLk(I^) on lAi^j is transitive. Note that dimK(.F'j(y)) = i{N — i). From Lemma 2.6 
we compnte dimK(vr“j^(Vi, Vj)) = — (* + j)N, and so 

dimK(Z^j) = dimK(J^j(I^)) + dimK(i^j(I^)) + A\m.-K{TTj/J{Vi, Vj)) 

= 

In particular, dimR,(Z./jj) > dimR(iYfc_^) for all (i,j) 7 ^ with i < k and j < i. 

By nppersemicontinuity of the functions W e-)• dimR(W G (IL 0 {0})) and W e-)• 
dimR(VF G ({0} © F)), the closure Sij of Uij in Fn{V © V) is the nnion of the 
submanifolds lAk^t for k > i and i > j. 

By the Iwasawa decomposition, any maximal compact subgroup of GLk(I^ © V) 
acts transitively on the flag variety Fn{V © V). By compnting the stabilizer of a 
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point, we see that © V) identifies with a Riemannian symmetric space of the 

compact type as in Theorem 2.5. (1). This completes the proof of Theorem 2.5. 

3 . Reminders on Anosov representations and their 

DOMAINS OF DISCONTINUITY 

In this section we recall the definition of an Anosov representation into a reduc¬ 
tive Lie group, see [Lab06, GW12, GGKW], and the construction of domains of 
discontinuity given in [GW12]. We first introduce some notation. 

3.1. Notation. Let G be a real reductive Lie group with Lie algebra g. We assume 
G to be noncompact, equal to a finite union of connected components (for the real 
topology) of G(R) for some algebraic group G. Then g = 3(g) + g^, where 3(g) is 
the Lie algebra of the center of G and g^ the Lie algebra of the derived subgroup 
of G, which is semisimple. Let iL be a maximal compact subgroup of G, with Lie 
algebra t, and let 0 = (a H 3(g)) + (0 H g^) be a maximal abelian subspace of the 
orthogonal complement of t in g for the Killing form (in Section 5 we shall call this 
a Cartan subspace of g). The real rank of G is by definition the dimension of 0 . Let 
S be the set of restricted roots of a in g, i.e. the set of nonzero linear forms a S 0 * 
for which 

go; := {2 € g I ad{a){z) = a{a) z Vo G a} 

is nonzero. Let A C S be a choice of system of simple roots, i.e. any element of S is 
expressed uniquely as a linear combination of elements of A with coefficients all of 
the same sign. Let 

a+ := {y G a I a{Y) >0 Va G A} 

be the closed positive Weyl chamber of 0 associated with A. The Weyl group of 0 in g 
is the group W = where Nk{<^) (resp. Zk{<^)) is the normalizer (resp. 

centralizer) of 0 in K. There is a unique element wq £ W such that tco • 
the involution of a defined by T 1 — —wq ■ Y is called the opposition involution. The 
corresponding dual linear map preserves A; we shall denote it by 

(3.1) a* —^ a* 

a I —> a* = —wq ■ a. 

Recall that the Cartan decomposition G = K(expa~^)K holds: any g £ G may be 
written g = k{exp fi{g))k' for some k,k' £ K and a unique fj.{g) £ a'*' (see [HelOl, 
Gh. IX, Th. 1.1]). This defines a map 

pL : G —)• 

called the Cartan projection, inducing a homeomorphism K\G/K ~ a"*". We refer 
to [GGKW, § 2] for more details. 

Let S'*' C S be the set of positive roots with respect to A, i.e. roots that are 
nonnegative linear combinations of elements of A. For any nonempty subset 0 C A, 
we denote by Pq the normalizer in G of the Lie algebra Ug = where 

= S"*" \ span(A \ 6) is the set of positive roots that do not belong to the span 
of A \ 0. Explicitly, 

Lie(Pe) = go © g^ © 0-a- 

q:SS+ Q:SS+nspan{A\0) 
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In particular, P(n = G and Pa is a minimal parabolic subgroup of G} Any parabolic 
subgroup of G is conjugate to Pg for some 0 C A. 


3.2. Anosov representations. The following definition of Anosov representations 
is not the original one from [Lab06, GW12], but an equivalent one taken from 
[GGKW]. 

Definition 3.1. Let T be a word hyperbolic group, with boundary at inhnity cIooL. 
Let 0 C A be a nonempty subset of the simple roots with 6 = 6*. A representation 
p : r —?■ G is Pg- Anosov if there exists a p-equivariant continuous boundary map 

e : SooL ^ G/Pg 

that is dynamics-preserving and transverse and if for any a € 6, 

(3.2) lim q:(p(p( 7 ))) = +oo. 

7^00 

By (3.2) we mean that lim„^+oo a(p(p(7n))) = +oo for any sequence (7n)nGN of 
distinct elements of L. By dynamics-preserving we mean that if p is the attracting 
hxed point of some element 7 £ L in 0001 ") then ^(p) is an attracting fixed point 
of p( 7 ) in G/Pg. By transverse we mean that pairs of distinct points in SooL are 
sent to transverse pairs in GjPg, i.e. to pairs belonging to the unique open G-orbit 
in GjPg X GjPg (for the diagonal action of G). The map ^ is unique, entirely 
determined by p. 

By [Lab06, GW12], any P^-Anosov representation is a quasi-isometric embedding; 
in particular, it has a discrete image and a hnite kernel. The set of P^-Anosov 
representations is open in Hom(r,G). 


3.3. Uniform domination. Let A : G —^ 0 "*“ be the Lyapunov projection of G, i.e. 
the projection induced by the Jordan decomposition: any g £ G can be written 
uniquely as the commuting product g = ghdedu of a hyperbolic, an elliptic, and a 
unipotent element (see e.g. [Ebe96, Th. 2.19.24]), and exp(A(p)) is the unique element 
of exp(a'’') in the conjugacy class of p/j. For any p £ G, 

(3.3) A(p) = lirn -p(p”). 

n— >-+00 n 


For any simple root a £ A, let uja £ a* be the fundamental weight associated with a: 


{a, a) 


^a,0 


for all ,0 £ A, where (•, •) is a VL-invariant inner product on a* and 5.^. is the Kronecker 
symbol. We shall use the following terminology from [GGKWj. 


Definition 3.2. A representation p^, : T —)• AutK(^) uniformly uja-dominates a 
representation p/{ : T — )• AutK(&) if there exists c < 1 such that for any 7 £ T, 


w«(A(pr(7))) < cw„(A(pi,( 7 ))). 


^This is the same convention as in [GGKW], but the opposite convention to [GW12]. 
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3.4. Anosov representations into AutK(&) and AutK(&©—&)• Let G = AutK(&) 
where 6 is a noiidegenerate R-bilinear form on a K-vector space V as in Section 1.1. 

In all cases except when K = R and 6 is a symmetric bilinear form of signature 
(n, n), the restricted root system is of type Bn, Cn, or BCn- We can choose A = 
{ai{b) I 1 < i < n} so that for any 1 < i < n the parabolic subgroup Pi{b) := P{ai{b)} 
is the stabilizer of an i-dimensional 6-isotropic K-subspace of V. The space Pi{b) 
of i-dimensional 6-isotropic K-subspaces of V identifies with G/Pi{b). We have 
ai{h) = ai{b)* for all 1 < i < re. 

In the case that K = R and 6 is a symmetric bilinear form of signature (re, re), the 
restricted root system is of type Dn- We can still choose A = {ai{b) \ 1 < z < re} so 
that for any 1 < z < re — 2 the parabolic subgroup Pi{b) = P{ai{b)} is the stabilizer of 
an z-dimensional 6 -isotropic subspace of V. We have 0 ,( 6 ) = ai{b)* for all 1 < z < 
re — 2. The parabolic subgroups P„_i( 6 ) = P[an-i(b)} Pnib) = P{an(b)} ^^^e both 
stabilizers of re-dimensional 6 -isotropic subspaces of V, and are conjugate by some 
element g £ AutK( 6 ) \ AutK( 6 )o- The stabilizer of an (re — l)-dimensional 6 -isotropic 
subspace is conjugate to Pn-i{b) n P„( 6 ) = P{a„_i{b),an{b)}- 
We shall use the following result. 

Lemma 3.3 ([GGKW, Th. 6.3]). For pi, £ Hom(r, AutK(6)), the representation 
Pl © PR : T —)• AutK(6) x AutK(—6) AutK(6 © —6) is Pi{b © —b)-Anosov if 
and only if one of the two representations pi or pn is Pi(f))-Anosov and uniformly 
ujai{b)-dominates the other. 

Since the boundary map of an Anosov representation is dynamics-preserving. 
Lemma 3.3 immediately implies the following. 

Corollary 3.4. If pl®Pr : T —^ AutK(6) x AutK(—6) AutK(6©—6) is Pi{h®—b)- 

Anosov, then its boundary map 

f-.dooT^Piibm-b) 

is, up to switching pi and pR, the composition of the boundary map 
■ dool' of pr with the natural embedding Pi{b) ^ J^i(6 © —6). 

We will always be able to reduce to Pi(6)-Anosov representations into AutK(6) 
using the following result. 

Proposition 3.5 ([GGKW, Prop.4.8 & §6.3]). For any real reductive Lie group G 
and any nonempty subset 9 (Z A of the simple roots, there exist a nondegenerate 
bilinear form b on a real vector space V and an irreducible linear representation 
T : G ^ AutR(6) with the following properties: 

(1) an arbitrary representation /? : T —> G zs Pq-A nosov if and only if the compo¬ 
sition T o p : r —)■ AutR(6) is Pi{b)-Anosov. 

(2) if a representation pi : T ^ G uniformly oja-dominates another represen¬ 

tation pr : T ^ G for all a £ 6, then r o : T —)• AutR(6) uniformly 
0 Jai{b)-dominates r o : T —)■ AutR(6). 

The existence of such 6 and r satisfying (1) was first proved in [GW12, §4]. In 
fact, the irreducible representations r satisfying (1) and (2) are exactly those for 
which the highest restricted weight X of r satishes 

{a £ A I (a, x) > 0} = 0 U P* 

and for which the weight space corresponding to x is a line; there are inhnitely many 
such r. 
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Example 3.6. For G = GL„(R) and 0 = {ei — £ 2 }, we can take r to be the adjoint 
representation Ad : G —)• GLR(g) and h to be the Killing form of g. 

3.5. Domains of discontinuity. We shall use the following result. 

Proposition 3.7 ([GW12, Th. 8.6]). Let V he a word hyperbolic group. 

(1) For any Pi{b)-Anosov representation p : F —)■ AutK(^) with boundary map 
^ : dooF —7- Pi(b), the group F acts properly discontinuously and cocompactly, 
via p, on the complement LI in Pn(b) of 

IC^:= \J {W GPn{b)\C{v) CW} CPn{b). 

V^dooT 

(2) Suppose we are not in the case that K = R and b is a symmetric bilinear form 
of signature (re, n). For any Pn{b)-Anosov representation p ; F —)• AutK(^) 
with boundary map ^ : SqoF —)• Pn{b), the group F acts properly discontinu- 
ously and cocompactly, via p, on the complement in P\ (b) of 

IC^:= U {iGPi{b)\icf{v)}cPi{b). 

V^dooT 

Contrary to what is stated in [GW12, Th. 8.6], the case of 0(re, re) (i.e. of a re¬ 
stricted root system of type Dn) has to be excluded in point (2) of the proposition. 


4 . Properly discontinuous actions on group manifolds 


Let G = AutK(^) where 6 is a nondegenerate R-bilinear form on a K-vector 
space V as in Section 1.1. By Theorem 1.1, the (GxG)-orbits in the space pN{bA)—b) 
of maximal (6 0 —6)-isotropic K-subspaces of V are the Ui := TT~^{Pi{b) x J-)(—6)), 
for 0 < i < re, where 


vr 


TN{b 0 -6) ^ U Pi{b)] X U Pi{-b)] 
^i=0 ' ^ i=0 ' 


is the projection defined by (1.1). The following generalization of Theorem 1.3 is an 
immediate consequence of Theorem 1.1, Corollary 3.4, and Proposition 3. 7.(1). 


Theorem 4.1. Let F 6e a torsion-free word hyperbolic group and Pl,Pr : F —)• G = 
AutK(&) two representations. Suppose that pi is Pi(b)-Anosov and uniformly Wq,j(6)- 
dominates pn (Definition 3.2). Then F acts properly discontinuously, via pL 0 Pr, 
on {G X G)/Diag(G). 

Let '■ ^ooF —)• ^i{b) he the boundary map of p^. For any 0 < z < re, let 
be the subset of Pi{h) consisting of subspaces W containing ^l(p) for some rj G clooF, 
and let be the complement in Ui of x Pi{—b)). Then F acts properly 

discontinuously and cocompactly, via pi 0 pji, on the open subset 

n 

f! := U 

i=0 

of J~N{b(B —b), and the quotient orbifold [pi 0 pji){T)\Ll is a compactification of 

(pL®PR)(r)\(GxG)/Diag(G). 


IfT is torsion-free, then this compactification is a smooth manifold. 
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Recall from Lemma 3.3 that the condition that one of the representations 
or pn be Pi(6)-Anosov and uniformly ti;Qj(b)’dominate the other is equivalent to the 
condition that 

p '■= PL® Pr'-^ — ^ G X G = AutK(&) X AutK(—ft) '—AutK(&® —b) 
be Pi(6© -6)-Anosov [GGKW, Th.6.3]. 

Proof of Theorem 4-1. By Gorollary 3.4, the boundary map f : dooT —)• J^i(6©—6) of 
P = Pl®Pr is the composition of with the natural embedding J-i{h) ^ J^i(b®—b). 
By Proposition 3. 7.(1), the group P acts properly discontinuously and cocompactly, 
via p, on the open set fl. Note that fi contains TYq, hence the action of P on Uq via p 
is properly discontinuous. By Theorem 1.1, the set Uq is an open and dense [G x G)- 
orbit in T^ib © —6), isomorphic to {G x G)/Diag(G). Therefore, P acts properly 
discontinuously via p on {G x G)/Diag(G) and p{T)\Uq ~ /9(r)\(G x G)/Diag(G) is 
open and dense in the compact orbifold /3(r)\fl. This orbifold is a manifold if P is 
torsion-free. □ 

Remark 4.2. In the case that AutK(&) has real rank 1, all properly discontinuous 
actions by a quasi-isometric embedding come from a pair of representations (pL, Pr) 
as in Theorem 4.1, by [GGKW, Th.6.3]. For AutK(^) = 0(2,1) we obtain com- 
pactihcations of anti-de Sitter 3-manifolds, and for AutK(&) = 0(3,1) of holomor- 
phic Riemannian complex 3-manifolds of constant nonzero curvature. We refer to 
[Gol85, Ghy95, Kob98, SalOO, Kas09, GK15, GKW15, DT, Tho, DGK15] for exam¬ 
ples of such pairs {pL^ppf). 

Corollary 4.3 ([GGKW, Th.6.3, (1)^(6)]). LetT he a word hyperbolie group, G an 
arbitrary real reductive Lie group, and p^, pn :T ^ G two representations. Let 6 C A 
be a nonempty subset of the simple roots of G. Suppose that p^ is P$-Anosov and 
uniformly oja-dominates pn for all a ^ 6. Then the aetion ofT on (G x G)/Diag(G) 
via {pl,Pr) : P —)> G X G is properly discontinuous. 

Proof. By Proposition 3.5, there exist a nondegenerate bilinear form 6 on a real vector 
space V and a linear representation t : G ^ AutR,(6) such that to pi : P —AutR,(6) 
is Pi(6)-Anosov and uniformly (6)-dominates to p^. By Theorem 4.1, the action 
of P on 

(AutR(6) X AutR(6))/Diag(AutR(6)) 

via r o P 2 . © T o PR is properly discontinuous. Since (r(G) x T(G))/Diag(T(G)) em¬ 
beds into (AutR(6) X AutR(6))/Diag(AutR(6)) as the (r(G) x r(G))-orbit of (e, e), 
the action of P on (r(G) x r(G))/Diag(r(G)) via r o 0 r o pR is also properly 
discontinuous. Thus the action of P on (G x G)/Diag(G) via {pl,Pr) is properly 
discontinuous. □ 

As above, the condition that one of the representations t o pi or r o pR be Pi (6)- 
Anosov and uniformly (6)-dominate the other is equivalent to the condition that 

T o PR 0 r o PR : P —)• AutK(^) X AutK(—&) ' — )• AutK(& © —b) 
be Pi (6 © —6)-Anosov. 

Corollary 4.4. Let T he a word hyperbolic group, G an arbitrary real reductive Lie 
group, and Pl,Pr : P —)■ G two representations ofT. Let b be a nondegenerate 
'R.-bilinear form on a Vi-vector space V as above, for K = R, C, or H, and let 
T : G ^ AutK(b) be a linear representation of G sueh that t o pi : P —)• AutK(ft) 
is Pi{b)-Anosov and uniformly dominates r o pR (see Proposition 3.5 and 
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Example 3.6). Let Ll be the cocompact domain of discontinuity of {to pi^Q) to pfi)[T) 
in —b) provided by Proposition 5. 7.(1). A compactification of 

{to PL® TO pr){T)\{t{G) X T(G))/Diag(r(G)) 

is given by its closure in {t o pi ® t o pfi){T)\Ll. If t : G ^ AutK(fe) has compact 
kernel, this provides a compactification of {pi, pji){T)\{G x G)/Diag(G). 

In the special case where pjj : F —)> G is the trivial representation, the action of 
r on (G X G)/Diag(G) via p^ © Pr is the action of F on G via left multiplication 
hy pl and Corollary 4.4 yields, when r has compact kernel, a compactification of 
Pi(F)\G ^ {pl{T) X {e})\(G x G)/Diag(G). 

We refer to Theorem 6.2 for the tameness of {pR, Pb){P)\{G x G)/Diag(G) for 
general pL, Pr- 


5. Properly discontinuous actions on other 

HOMOGENEOUS SPACES 

In this section we prove Theorem 1.5 and Proposition 1.7. We first introduce some 
notation. For K = R, C, or H and p, g £ N, we denote by the vector space 
KP+i endowed with the R-bilinear form l}^ of (1.2), so that AutK(6K'^) ~ C)(fw)) 
U(p, q), or Sp(p, q). We use complex symmetric bilinear form extending 

if^ on RP+'? (g)R C, so that Autc(f)R 0 c) ~ + O'; C). For m £ N and K = R 

or C, we denote by 

• (®) y) ' ^ ^m+l2/l © ■ ■ ■ © Xray2m X2mym 

the standard symplectic form on so that AutK(wp^) = Sp(2m,K) for K = R 

or C. Recall that a Hermitian form /i on a C-vector space V is completely determined 
by its real part b: for any v, v' £ V, 

h{v, v') = b{v, v') — V— 1 h{v, \/—lv'). 

Similarly, an H-Hermitian form /ih on an H-vector space V is completely determined 
by its complex part h: for any v, v' £ V, 

hH{v,v') = h{v,v') - h{v,v'j)j. 

Thus an H-Hermitian form is completely determined by its real part. 

Proof of Theorem 1.5 and of Proposition 1.7 in cases (i), (ii), (Hi) of Table 2. (For 
K = R, see [GW12, Prop. 13.1].) For p > q > 0, the group G = AutK(f>K'^''"^) acts 
transitively on the closed submanifold J'i{b^~^^) of the smooth compact manifold 
J'i{b^^’'^~^^), which has positive codimension. The complement U = lPi{b^^’'^~^^) \ 
T'i{b^^^) is open and dense in ©" 1 ( 6 ^^’^"*"^), and identifies with since G acts 
transitively on U and the stabilizer in G of [1 : 0 : ... : 0 : 1] £ 7/ C P(KP+^’9+1) is 
H = AutK(f)K'^)- Thus ©' 1 ( 5 ^^’'^"*"^) is a smooth compactification of 

Consider a Cartan subspace a' for G' = AutK(^^^’'^"*~^) that contains a Cartan 
subspace a for G = AutK(^^'^^^)- If K = R and p > q + 1, then G and G' both 
have restricted root systems of type Rg+i, hence the restriction of aq+i(f^^’^~*'^) 
to 0 is aqj,.i{lf^~^^). If K = C or H and if p > q + 1, then G and G' both have 
restricted root systems of type (RG)q+i, hence the restriction of to 0 

is aqj,-i{lf^~^^). If K = C or H and if p = g © 1, then G has a restricted root system 
of type Gq+i and G' of type (RG)q+i, hence the restriction of to a is 

In all these cases, it follows from Definition 3.1 that if p : F —)• G = 
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^ Pq+i(^'^'*^^)-Anosov representation with boundary map ^ : dcx^T —>• 
then the composed representation p' : T ^ G ^ G' = AutK(&^^’'^'''^) 
is Pq+i(6^^’'^'*'^)-Anosov and that its boundary map 
is the composition of ^ with the natural inclusion ^ 

By Proposition 3.7. (2), the group P acts properly discontinuously and cocompactly, 
via p', on the complement Q in of 

JC^^= U {^G J-i( 6 ^+''«+')|£ce'(r?)}. 

r^G^ooF 

By construction of we have /C^/ C Let be the complement of 

in Then P acts properly discontinuously and cocompactly, via p', on 

n = 14 U ~ U C^. If P is torsion-free, then p'(r)\(]HI^'^ U Q) is a smooth 
compactification of p(r)\]HI^'^. 

Suppose now that K = R and p = q + 1. Then G has a restricted root system 
of type Dq^i and G' of type Rg+i, hence the restriction of to a is 

^{aq+i{b^~^^) - aq{b^~^^)). The boundary map ^ : doo^ 4Fq+i{b^~^^) of p 
induces, by composition with the natural inclusion 

a continuous, equivariant, transverse boundary map : cIcxdP —t If 

the action of P on via p is properly discontinuous, then the properness criterion 
of Benoist [Ben96] and Kobayashi [Kob96] implies that 

(ag+i( 6 ^''+^) - oiq{i^^""^)){p{p{l))) +00 

and, using (3.3), that is dynamics-preserving. Therefore, the composed representa¬ 
tion p' : P —G G' = AutK(^^’'^^^) is P’q+i( 6 ^^’'^’'’^)-Anosov and we conclude 
as above. □ 

Remark 5.1. Identifying r 2"-+2 with gives a U(n, l)-equivariant identifica¬ 

tion of with Examples of P 2 (^r’^)-A nosov representations p : P —)■ 0(2n, 2) 
include the composition of any convex cocompact representation pi : P —)• U(n, 1) 
with the natural inclusion of U(n, 1) into 0(2n, 2); the manifold p(r)\]H[^’ then 
identifies with pi(r)\][l^’^, and the compactifications of these two manifolds given by 
Theorem 1.5. (3) coincide. The same holds if 0(2n, 2), U(n, 1), P 2 (^r’^)) 

is replaced by 0(4n, 4), Sp(n, 1), ^ 4 ( 6 ^’^)) or U(2n, 2), 

Sp(ra, l),P 2 (^'c’^))- 

The following example shows that if K = R and p = q + 1, then the fact that 
p : T —)• G = AutK(&K'^'*'^) PIj+i( 6 K'^^^)"Anosov does not imply that the action of 
P on via p is properly discontinuous. 

Example 5.2. Let K = R and p = g -|- 1 = 2. Then the identity component Gq of 
G = 0(2,2) identifies with PSL 2 (R) x PSL 2 (R) and is a covering of order two 
of (PSL 2 (R) X PSL 2 (R))/Diag(PSL 2 (R)). A representation p : T —)• Gq is P 2 (^r^)- 
Anosov if and only if the projection of p to the first (or second, depending on the 

numbering of the simple roots) PSL 2 (R) factor is convex cocompact. However, the 

^22 

action of P via p is properly discontinuous on if and only if the projection of p 
to one PSL 2 (R) factor is convex cocompact and uniformly dominates the other, by 
[GGKW, Th.6.3] (see Remark 4.2). 
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Proof of Proposition 1.7 in case (iv) of Table 2. (For q = 1, see [GW12, Th. 13.3].) 
We identify with R^p+^'J and see H = Autc(^'^) as the subgroup of G = 

AutR( 6 ^’^'^) commuting with the multiplication by \/~l) which we denote by / E G. 
The group G acts transitively on the open set 

U := {W' e I W' n = {0}}, 

and the stabilizer in G of 

Wq := {x + V^I{x) I X G r2p+ 29} e u 

is H. Thus U identifies with G/H and the closure hi oi hi in ^p+q{b^^Q) — G' jP' 
provides a compactification of G/H. 

If p : r —)• G is Pi( 6 ^’^'^)-Anosov, with boundary map f : doc/T —)• 
then it easily follows from Definition 3.1 that the composed representation p'lT—)- 
G ^ G' = Autc(^R 0 c) boundary map f : clooT 

composition of ^ with the natural inclusion ^ -^i(^R 0 c)- 

By Proposition 3. 7.(1), the group T acts properly discontinuously and cocompactly, 
via p', on the complement Q in J'p+gib^^Q) of 

rc'= U {»''<= r,+,(&)\i’(,,)cw'}. 

ri€dooT 

Note that D contains hi, hence T acts properly discontinuously on G/H via p and 
the quotient p'(r)\(DnZ^) provides a compactification of pi/r)\G/H. □ 

Proof of Proposition 1. 7 in case (v) of Table 2. Let us write H = C + Cj where = 
— 1. We identify H^+'J with Q‘^p+‘^i and see H = AutH(^H'^) as the subgroup of 
G = Autc(&^’^'^) commuting with the right multiplication by j, which we denote by 
J G G. The tensor product ( 8 >c H can be realized as the set of “formal” sums 

C2P+2'? H = {ui + V2j \vuV2G C2P+2'?}, 

on which H acts by right multiplication: (ui + V 2 j) ■ z = zvi + zv 2 j for z G C and 
(ui + V 2 j) ■ j = —V 2 + vij. Consider the C-Hermitian form h on ( 8 >c H given 

by _ 

h{vi + V 2 j, v[ + v'^j) = 6 ^’^'^(ui, u'l) - 6 ^’^'^(u 2 , u^), 

and let /ih be the H-Hermitian form on (g)Q H with complex part h. Then 

G' = Sp(p + q,p + q) identifies with AutH(hH), and the natural embedding of G = 
Autc(^c '^*^) bTo G' induces a natural embedding of J^i( 6 q’^^) into Ju(/ih), given 
explicitly by 

^ I-^ {Vi + V2j I fi, U 2 G 

where £ is a 6 ^’^'^-isotropic line of Q‘^p+‘^i, The group G acts transitively on the open 
set 

U := {W' G Hp+g(hH} I W' n = {0}}, 

and the stabilizer in G of 

W/ := {u + {Jv)j I V G G U 

is H. Thus hi identifies with G/H and the closure hi oilA in Jt+ 5 (/ih) — G'/P' 
provides a compactification of G/H. 

If p : r —)• G is Pi(6^’^'^)-Anosov, with boundary map ^ : (9oor —)• J^i(6^’^'^), then 
it easily follows from Definition 3.1 that the composed representation pG T —)• G 
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G' is Pi (/ih)-A nosov and that its boundary map : 5oor —>• Pi(/ih) is the composi¬ 
tion of ^ with the natural inclusion P'i(/ih)- By Proposition 3. 7.(1), the 

group r acts properly discontinuously and cocompactly, via p', on the complement 
9. in Fp+q{b-ti) of 

%= U {W eFp+q{h^)\a^)^W']. 

rjedooT 

Note that fl contains U, hence P acts properly discontinuously on GjH via p and 
the quotient p'(r)\(fl n 7/) provides a compactification of p{r)\G/H. □ 

Proof of Proposition 1.7 in case (vi) of Table 2. (For p = 0, see [GW12, §12].) Let 
(ei,..., e 2 m) be the standard basis of The Hermitian form h{v, w) = iuj'^iv, w) 
has signature (m,m). For any 0 < p < m, the C-span of ei — icm+i, ■ ■ ■, &p — 
icm+p, Cp+i+iem+p+i, • • •, em+*e 2 m defines an element Wq £ Pm(<^c™') (a Lagrangian 
of C^™) such that the restriction of h to VFg x Wq is nondegenerate with signature 
(p, m — p). The stabilizer of Wq in G = AutR(a;|[”) \s H = Autc(7c™~^)- Thus the 
G-orbit U of LFq identifies with G/H and the closure 7/ of 7/ in Pm(wQ^) ~ G' jP' 
provides a compactification of G/H. 

If p : r —)■ G = AutR(a;|^) is Pi(a;|^)-Anosov, with boundary map ^ : SooT —)■ 
Pi(a;|") ~ RP2"*-1, then it easily follows from Definition 3.1 that the composed rep¬ 
resentation p' : r —)■ G G' = Autc(wQ”) is Pi (wq™)-A nosov and that its boundary 
map f,' : SooT —)• Pi(a;^) ~ Q-p‘^m -1 jg composition of ^ with the natural in¬ 
clusion By Proposition 3. 7.(1), the group F acts properly 

discontinuously and cocompactly, via p', on the complement D in Pm(w^) of 

K^,= IJ {iy'GP^(u;g")|^'(p)clF'}. 

Note that D contains the G-invariant open set 

u' = {w' G Pm(wc”) I w' n r2™ = { 0 }}, 

which itself contains LFq, hence 7/. Thus F acts properly discontinuously on G/H 
via p and the quotient p'(F)\(D DU) provides a compactification of p(F)\G/77. □ 

We now use Remark 1.8 to compactify other reductive homogeneous spaces that 
are not affine symmetric spaces. 

Proposition 5.3. Let (G,P,P,G',P',P") be as in Table 3. 

(1) There exists an open G-orbitU in G'/P" that is diffeomorphic to G/H; the 
closure U ofU in G'/P" provides a compactification of G/H. 

(2) For any word hyperbolic group F and any P-Anosov representation p : F —?■ G, 
the cocompact domain of discontinuity D C G'/P' for p(F) constructed in 
[GW12] (see Proposition 3.7) lifts to a cocompact domain of discontinuity Ll C 
G'/P" that containslA; the quotient p(F)\(Dn7/) provides a compactification 
ofp{T)\G/H. 

Proof of Proposition 5.3 in case (vii) of Table 3. Let us write H = R-|-Rz-|-Rj-|-R7 
where i = and = k. We identify with and see H = AutH(7fi'^) 

as the subgroup of G = AutR(6^’”^'^) commuting with the right multiplications by i 
and by j, which we denote respectively by 7, J G G. The tensor product R^P'’'^'^(8 )rH 
can be realized as the set of “formal” sums 

R4p-r4g ^ | V ^ V ^ , V ^, V^ G 
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G 

H 

P 

G' 

P' 

P" 

(vii) 

(viii) 

0(4p,4g) 
Sp(4m, R) 

Sp(2p, 2q) 
0*{2m) 

StabG(^) 

Stabci^) 

Sp(2p - 1 - 2q, 2p + 2q) 
0 *( 8 m) 

StahciW') 

StabG'(V') 

StabG'(B^" C IT') 
StabG'ilT" C IT') 


Table 3. Reductive groups H <Z G <Z G' and parabolic subgroups P 
of G and P' D P" of G' to which Proposition 5.3 applies. Here m,p, q 
are any positive integers. We denote by ^ an isotropic line and by W 
a maximal isotropic subspace (over R or H), relative to the form h 
preserved by G or G'. We also denote by [W" C W) a partial flag 
of two isotropic subspaces with W maximal and dimR(VT') = 
2 dimR(W"). 


Consider the real bilinear form h on (g)R H given by 

b{vn,v'^) = Ug) - U4) 

for any uh = + 1 ^ 2 * + v^j + v^k and v'^ = v'i+ + v'^j + v'^k in R'^P+'^'? (g)R H, 

and let bn be the H-Hermitian form on R‘^P+^9 (g)R H with real form b. Then 
G' = Sp(2p + 2q, 2p + 2q) identifies with AutH(^H)) and the natural embedding of 
G = AutR( 6 ^’^'^) into G' induces a natural embedding of into T'i(6h)- 

Let J^p+q, 2 p+ 2 q{bu) be the space of partial flags {W" C W) of R^P+^'? (g)R H with 
W £ ^ 2 p+ 2 q{b-H) and dimH(LP0 = 2dimH(VT^0; identifies with G'jP” and fibers 
G'-equivariantly over p 2 p+ 2 q{bti) — G'jP' with compact fiber. Consider the element 
{Wq C Wq) G Fp+q, 2 p+ 2 q{b-H) given by 


( := {v + {Iv)i + {Jv)j+ {Kv)k\v 

\ := {u + {Iv)i + {Jv')j + {Kv')k \v,v' e 


Its stabilizer in G = AutR( 6 ^’^'^) is the set of elements g commuting with I and J, 
namely H = AutH(f^'^). Thus the G-orbit U of (LTq' C Wq) in Fp+q,2p+2q{b'H) 
identifies with G/H and the closure lA oilA m. Pp-\-q^ 2 p+ 2 q{b'H) — GjP" provides a 
compactification of G/H. 

If p : T —>• G is Pi( 6 ^’^^)-Anosov, with boundary map ^ : ScxdT —>• ^” 1 ( 6 ^’^^), then 
it easily follows from Definition 3.1 that the composed representation p' :T ^ G ^ 
G' is Pi( 6 H)-Anosov and that its boundary map : cIooP —)• T'i( 6 h) is the composi¬ 
tion of ^ with the natural inclusion ^ T'i( 6 h)- By Proposition 3. 7.(1), the 

group P acts properly discontinuously and cocompactly, via p/ on the complement 
D in P 2 p+ 2 q{bn) of 


^i'= U {W' ^^2p+2q{bii)\i'{p)ciW'}. 

V&dooT 

Since Pp-\-qpp-\- 2 q(bii) fibers GLequivariantly over p 2 p+ 2 q{b'H.) with compact fiber, T 
also acts properly discontinuously, via p', on the preimage D of D in J^p+q, 2 p+ 2 q{b'H.)■ 
One checks that D contains the G-invariant open set 

u' := {(IT" C IT') G Pp+q, 2 p+ 2 q{bu) I w' n = {0}}, 

which itself contains (ITq' C ITq), hence k/. Thus T acts properly discontinuously on 
G/H via p and the quotient p'(r)\(D nZ^/) provides a compactification of p(r)\G/R. 

□ 
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Case (viii) of Table 3 is similar to case (vii): just replace the real quadratic form 
on with the symplectic form on and h with the symplec- 

tic form — a;^(u 2 , U 2 ) + uj^{v 3 , Ug) — uj^{v 4 , v'^) on R^™" ( 8 )r H. The 

subgroup of G = AutR(a;^) commuting with I and J is H = 0*{2m). 

6. Topological tameness 

Lemma 1.10 is a particular case of the following general principle. Recall that a 
real semi-algebraic set is a set defined by real polynomial equalities and inequalities. 

Proposition 6.1. Let X he a real semi-algehraie set and T a torsion-free discrete 
group aeting on X by real algebraic homeomorphisms. Suppose T acts properly dis- 
continuously and coeompactly on some open subset of X. Letli he a T-invariant 
real semi-algebraic subset of X contained in Ll (e.g. an orbit of a real algebraic group 
containing T and acting algebraically on X). Then the closure 14 of 14 in X is real 
semi-algebraic and r\(Z//nfl) is compact and has a triangulation such that T\{dl4riLl) 
is a finite union of simplices. If 14 is a manifold, then T\14 is topologically tame. 

We use the notation D for the interior of a subset D oi X and dD = D \ D for 
its boundary. 

Proof. The fact that 14 is itself real semi-algebraic is classical, see [CosOO, Cor. 2.5]. 
It is also a general principle that orbits are real semi-algebraic, this follows e.g. from 
[CosOO, Cor. 2.4.(2)]. Consequently, every point in the open subset 14 D LI has a 
real semi-algebraic neighborhood, and the same property holds in the quotient space 
r\(Z./nfl). Thus r\(Z./nn) is a finite union of closed semi-analytic subsets Di,..., Dn, 
each algebraically homeomorphic to a semi-algebraic subset of a Euclidean space. 

Applying [CosOO, Th. 3.12], we deduce that there is a triangulation of Di such 
that the subsets Di C T\{dl4 n 14), dDi n D 2 , ..., dDi n Dn are all finite unions 
of simplices. Similarly, there is a triangulation of D 2 \ Di such that the subsets 
dDi n D 2 , {D 2 \ Di) n T\{dl4 n 14), d{D 2 \ Di) n D 3 , ..., d{D 2 \ Di) n Dn are all 
unions of simplices. By taking a refinement of these two triangulations, we obtain a 
triangulation of i4iUi42 such that the subsets (i4iU442)nr\((4Z4nl4), d{DiUD 2 )riD 3 , 
..., d{DiDD 2 )riDn are all finite unions of simplices. By induction, for any 1 < k < n 
there is a triangulation of Ek := Di U • • • U D^ such that the subsets Ek C T\{dl4 C14), 
dEk n Dk-\-i, ..., dEk n Dn are all finite union of simplices. For k = n, this gives a 
triangulation of T\(14 C LI) such that T\{dl4 n 14) is a finite union of simplices. 

This triangulation allows us to build a tubular neighborhood of T\{dl4 C LI) such 
that T\14 is homeomorphic to the complement of this tubular neighborhood. Thus, 
a 14 is a manifold, then T\14 is homeomorphic to the interior of a compact manifold 
with boundary. □ 

From Theorem 1.3 and Lemma 1.10 we deduce the following. Theorem 1.12 cor¬ 
responds to the special case where pn is constant. 

Theorem 6.2. Let T be a torsion-free word hyperbolie group, G a real reductive Lie 
group, and pi, PR : T —>• G two representations. Let 6 C A be a nonempty subset of 
the simple roots of G. Suppose that pi is Pg-Anosov and uniformly uja-dominates pn 
for all a € 6. Then (pi, pii){T)\(G x G)/Diag(G) is a topologically tame manifold. 

For G = SO(p, 1), this was first proved in [GK15, Th. 1.8 & Prop. 7.2]. In that case, 
tameness actually still holds when pi, is allowed to be geometrically finite instead of 
convex cocompact. 
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Proof of Theorem 6.2. By Proposition 3.5, there exist a nondegenerate bilinear form 
6 on a real vector space V and a linear representation t : G ^ AutR,(6) such that 
T o : r —)• AutR(6) is Pi(6)-Anosov and uniformly -dominates r o Let H 

be the cocompact domain of discontinuity of (Top£,0TopR)(r) in J^_/v( 60 — 6 ) given by 
Proposition 3. 7.(1). By Theorem 1.3, it contains the open (AutR,(6) x AutR(6))-orbit 
Uo of Theorem 1.1, which identifies with (AutR(6) x AutR(6))/Diag(AutR(6)). Let u 
be a point in with stabilizer equal to Diag(AutR(6)). Applying Lemma 1.10 to the 
(r0T)(G)-orbit U oluinUo, we see that (Top/^0rop/j)(r)\(T(G)xr(G))/Diag(r(G)) 
is a topologically tame manifold. If r has finite kernel, then (px,0pR)(r)\(Gx G)/G 
is a topologically tame manifold as well. 

However, in general r might not have finite kernel. To address this issue, we force 
injectivity by introducing another representation, as follows. Let r' : G —)• GLr(I/') 
be any injective linear representation of G where V' is a real vector space of dimension 
N' S N. The Grassmannian TjqiiV' 0 V) is compact, hence the action of P on 
L! X Fn'{V'®V') via 

(r o Pi 0 T o pr) X (r' o Pi 0 r' o p^) 

is properly discontinuous and cocompact. By Theorem 2.5, there is an open 
(GLr(I/') X GLR(G'))-orbit Uq in 0 V) that identifies with 

(GLr(H') X GLR(G'))/Diag(GLR(H'))- 

Let u' be a point in IA'q with stabilizer Diag(GLR(IL')) in GLr(I7') X GLr(I 7'). By 
injectivity of r', the stabilizer of (u, u') in G X G for the action of G X G on J-n{V 0 
V) X 0 V) via (r 0 r) x {t' 0 r') is Diag(G). Applying Lemma 1.10 to the 

((r 0 r) X (r' 0 r'))(G)-orbit U of (u, u') and to x Fiqi{V' 0 V) instead of 11, we 
obtain that (p^, pR)(r)\(G x G)/Diag(G) is a topologically tame manifold. □ 
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